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The band structure of a photonic crystal with the clathrate Si-34 lattice comprising 34 lattice sites in the unit
cell is studied. The structure with lattice sites connected by dielectric rods is found to have a large isotropic
band gap for a wide range of permittivity. The structures composed by dielectric spheres or air spheres in
dielectric have a small gap or do not possess the band gap at all, correspondingly. The relationship between the
photonic band isotropy and the permittivity is deduced. The results described below make this photonic crystal
very promising for potential applications.
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Photonic crystals �PhCs� are periodic structures composed
of two or more materials with different permittivities that
possess a complete photonic band gap �PBG�.1 If there is a
complete PBG, the propagation of light is forbidden in all
directions of the spectral range coincident with the band gap.
The fabrication of three-dimensional �3D� macroscopic pho-
tonic crystals that have the PBG in the infrared and visible
spectral range allows obtaining a number of effects that pre-
viously were beyond the observation, the most significant
being a possibility to control the spontaneous emission.2

Since the PhC lattices have a submicron size, their fabri-
cation calls for the development of advanced methods.3–8

Besides, the least presently known refractive index of the
lattice material that can have a complete PBG is n=2 for the
diamond crystal lattice.9,10 This fact significantly constrains
the choice of the material because, for example, the refrac-
tive index of polymers and glasses in the visible range is
normally below the said value. This problem can be ad-
dressed through the use of 3D photonic quasicrystals and
periodic structures with a large number of sites �“atoms”� in
the unit cell. One would expect that high-degree isotropy
will make it possible to reduce the PBG threshold in terms of
refractive index. In the microwave range, an icosahedral pho-
tonic quasicrystal fabricated by stereolithography has been
experimentally found to have large band gaps.11 The micro-
wave transmittance of the icosahedral photonic quasicrystal
was experimentally measured. Later, photonic quasicrystals
were synthesized by two-photon absorption lithography with
the lattice constants, corresponding to the near infrared
region.12 Except this, quasiperiodic lattices were obtained by
arrangement of microspheres by holographic optical
tweezers.13

In spite of obvious success in synthesis of 3D photonic
quasicrystals, band-structure analysis of quasicrystals was re-
stricted mainly by two-dimensional �2D� case.14 For band-
structure calculations a plane-wave expansion technique is
usually used.15 But this method cannot be directly applied to
quasicrystal because of its nonperiodic nature. To solve this
problem one can use a periodic approximant of the quasic-
rystal and consider the tendency as the cell size becomes
sufficiently large.16,17 It was shown that for the case of 2D
lattices the higher isotropy of quasiperiodic structures gives

lower threshold values of dielectric contrast for gap
opening.17,18

In 3D case photonic band gap was found in structure of
icosahedral quasicrystal approximants.19 Recently a method
was presented by which the energy spectrum of a quasicrys-
tal can be obtained by solving Maxwell’s equations in higher
dimensions for any quasicrystal defined by the standard cut-
and-project approach.20 This method was realized for 1D
case but the theoretical analysis of the photonic band struc-
ture for 3D quasicrystals was omitted. As an alternative to
photonic quasicrystals and their approximants one can con-
sider crystals with many atoms per unit cell as a lattice of
higher isotropy. In 2D case it was shown that such crystals
can have wide and isotropic band gap.21,22 In 3D case a py-
rochlore crystal lattice with four atoms in the unit cell was
theoretically studied.23 The PhC was shown to have PBGs
comparable in size with the diamond lattice’s PBG.

Below, a PhC with a large number of per-unit-cell sites
with isotropic properties is exemplified by a crystal with the
clathrate Si-34 crystal lattice.24 This lattice belongs to a class
of face-centered-cubic �fcc� lattices containing 34 sites per
cell �see Fig. 1�. The lattice is obtained by packing a pen-
tagonal dodecahedron and tetrakisdecahedron. In Si-34, each
atom is bonded with four neighbors by distorted tetrahedral

FIG. 1. �Color online� Four unit cells of the Si-34 lattice.
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bonds. The diamond crystal lattice, known to have tetrahe-
dral atom bonds, allows obtaining the largest PBG among all
photonic crystals. In the Si-34 clathrate lattice, atoms are
arranged in a very isotropic manner and the Brillouin zone is
most close in shape to a sphere. This is favoring for the
opening of the complete PBG. All of the preceding suggests
that studies into the clathrate crystal lattices as candidates for
photonic crystal applications show great promise. The objec-
tive of this work is to look into the possibility of creating a
complete PBG in Si-34-based photonic crystals.

In our studies, we used the following model. The dielec-
tric material is supposed to be nonabsorbing, nonmagnetic,
and isotropic; i.e., the refractive index of the medium is
n=��, where � is the permittivity of the dielectric in the
optical range. The eigenmodes of Maxwell’s equations with
periodic boundary conditions were computed by precondi-
tioned conjugate-gradient minimization of the block Ray-
leigh quotient in a plane-wave basis, using the freely avail-
able software package MIT PHOTONIC BANDS �MPB�.25 Three
cases were analyzed: �1� the lattice sites are presented by
dielectric spheres in air, �2� the lattice sites are presented by
hollow spheres in dielectric, and �3� neighboring lattice sites
are connected with dielectric rods.

As a result of calculations, we have found that the Si-34-
based photonic crystal composed of dielectric spheres in air
has no large band gaps �on the order of 5% of the permittiv-
ity �=12�, whereas the photonic crystal composed of air
spheres in the dielectric has no band gaps at all. At the same
time for the lattice composed by dielectric rods and with the
same value of � the size of the PBG is about 16%. This can
be pointed out as a distinguishing feature of the studied
structure because usually air spheres in dielectric matrix are
much more favorable for gap opening than dielectric spheres
and comparable with dielectric rod structure. It can be ex-
plained as follows. In comparison with, for example, fcc or
diamond grating, the studied structure has rather nonuniform
distribution of atoms in spite of its high isotropy. For reason-
able value of ratio between dielectric and air volumes the
structure of air spheres in dielectric makes dielectric mesh
disconnected. For the same reason the dielectric spheres at
lattice sites also do not allow us to get connected structure.
That leads to decrease in dielectric mode frequency and
closes the PBG. It is well known that connectivity of two
interpenetrating dielectric and air lattices is favorable for gap
opening.1 Such connectivity we get only for the case of di-
electric rods connecting lattice sites. Therefore, our further
research was focused on studying the photonic crystal com-
posed of the dielectric rods in air connecting the neighboring
lattice sites and thus forming tetrahedral bonds. Such a struc-
ture can be synthesized from photopolymer by two-photon
absorption lithography with the length of bonds, correspond-
ing to the PBG in the near infrared region.8 To get suffi-
ciently high dielectric contrast this connected polymeric lat-
tice should be replicated by a silicon, by means of a double
inversion procedure, as it was demonstrated for the case of
photonic quasicrystals.12

Figure 2 shows the band structure of a photonic crystal at
�=12 and an optimal filling factor of f =22% �the ratio of the
dielectric volume to the cell’s total volume�. Such a filling

factor is obtained with radius of rods equal to r /a=0.045,
where a is the size of the cubic cell. The length of dielectric
rods is equal l /a=0.16. The frequency is shown in the plots
in the dimensionless units of �a /2�c, where � is the cyclic
frequency and c is the velocity of light in vacuum. On the
abscissa, high-symmetry points of the fcc lattice’s Brillouin
zone are plotted.26 The complete PBG is found between the
34th and 35th bands. The position of the band gap corre-
sponds to the length of the tetrahedral atom bonds. It can be
seen from comparison of the ratio of midgap frequencies of
diamond and Si-34 structures and ratio of distances between
the neighbor sites of these two lattices. In this sense the gap
in Si-34 corresponds to fundamental gap of diamond grating.
Band gap has the size of �� /�m=15.6%, the filling factor
being f =22%. The complete PBG size �� /�m is defined as

��/�m = 2
min��i+1� − max��i�
min��i+1� + max��i�

100% , �1�

where min��i+1� and max��i� are the minimal and maximal
frequency for the bands �i+1� and �i�, respectively. Thus, it
is a photonic crystal with clathrate lattice symmetry with 34
atoms per unit cell that has a complete PBG.

With the aim of determining a minimal value of the per-
mittivity �th that leads to the emergence of a complete PBG,
i.e., determining the complete PBG threshold, the relation
between the band-gap width and the permittivity was de-
rived. For calculating this relation, at each permittivity value
� we derived the dielectric filling factor f corresponding to
the maximal complete PBG, as shown in Fig. 3. Figure 3
shows that the complete PBG threshold is found at �th=5.0.
This threshold value is higher than the threshold of �th=4.0
for a photonic crystal with diamond lattice symmetry but
lower than that of the photonic crystal with the inverted opal
lattice.27 The reason is that the Si-34-based PBG structures
are more isotropic so that the frequency of their boundary
bands �bands bounding the PBG� weakly depends on the
direction of the electromagnetic wave propagation.

FIG. 2. �Color online� Band structure of Si-34. Permittivity:
�=12. Filling factor: f =22%. Band-gap size: �� /�m=15.6%.
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We have studied the band-gap isotropic properties. For the
photonic band �i�, the isotropy parameter F was derived as
follows:28

F = 2
max��i� − min��i�
max��i� + min��i�

. �2�

Of the earlier known PhC structures, the most isotropic PBG
we found was in the crystal with the fcc lattice composed of
air spheres in dielectric. At f =27% and �=12, such a lattice

has F=0.08 for the “lower” band and F=0.066 for the “up-
per” band. At the same conditions �r /a=0.051�, a PhC with
the Si-34 crystal lattice has the isotropy parameter of F
=0.022 for the lower band and F=0.056 for the upper band.
Thus, the PBG of the clathrate Si-34 lattice demonstrates
higher isotropy. It is also found that the parameter F is
monotonically decreasing with increasing permittivity.

It has been known that the group velocity of the electro-
magnetic waves can become zero at the PBG boundary.
Physically, this means that waves scattered at the PBG
boundary form a standing wave, thus making possible the
emission of coherent light.29 In the conventional PhCs this
can be achieved only in certain directions, as the location of
the PBG boundary is a function of the direction of the elec-
tromagnetic wave propagation. For the radiation to be coher-
ent irrespective of the propagation direction, photonic crys-
tals with isotropic PBG need to be used. Isotropic photonic
band gaps can also be used for obtaining the omnidirectional
negative refraction. This phenomenon was studied for 2D
photonic crystals30 and quasicrystals.31

Summing up, a complete PBG in the photonic crystal with
clathrate Si-34 lattice has been revealed. The structure com-
posed by dielectric rods has large PBG �about 16% by �
=12� while the PhC formed by dielectric spheres and air
spheres in dielectric has small PBG �5%� and no band gap,
correspondingly. The relatively low-band-gap threshold in
terms of permittivity has been found to be ��th=5.0�. Ob-
tained band gap is more isotropic than corresponding gap of
photonic crystal with inverted opal structure.
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FIG. 3. �Color online� The band-gap size �� /�m vs the permit-
tivity �.
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